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The general form of reaction–diffusion equation with nonlinear
convection term has the form
@u
@t
 aðuÞ @u
@x
  
x
 bðuÞ @u
@x
 
 cðuÞ ¼ 0; ð1Þ
with uðx; tÞ is an unknown function, and aðuÞ;bðuÞ and cðuÞ are arbi-
trary smooth functions.
We here consider the particular case of Eq. (1), the well-known
nonlinear reaction–diffusion Murray equation of the form [1,2]
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2u
@x2
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 
þ k2
 
uþ k3u2 ¼ 0; ð2Þ
where k1; k2 and k3 3 R. It is well known that nonlinear diffusion can
play an important role, Eq. (2) contains the diffusivity D ¼ k1ux þ k2
which depends on the concentration u. The construction of exact
solutions for nonlinear equation of the form (2) remains an impor-
tant problem because the PDE (2) provide generalization of a great
number of well-known nonlinear second-order evolution equations
describing various processes in biology [1,2], such as the classical
Burgers equation and the well-known Fisher equation.
Aziz et al. [3] have developed an efficient compatibility criterion
for solving higher-order nonlinear ordinary differential equationssubject to lower-order ordinary differential equations. The
compatibility and group approach is used in [3] to construct exact
solutions of higher-order nonlinear ordinary differential equations
subject to lower-order ordinary differential equations. In this note,
we employ the compatibility criterion on a classical model of
reaction–diffusion Eq. (2) arising in mathematical biology. It is
often difficult to obtain exact solutions of the PDE (2). For this
reason, many researchers have assumed a form of the exact
solution of the above problem by trial and error [4,5]. We utilize
a general compatibility and generalized group criteria on Eq. (2).
This compatibility approach leads to an elegant exact solution of
reaction–diffusion Eq. (2).
2. General compatibility approach
We now briefly review the compatibility criterion or test for a
second-order ordinary differential equation to be compatible with
a first-order ordinary differential equation as taken from [3].
Let us consider a second-order ordinary differential equation in
one independent variable x and one dependent variable y,
Fðx; y; y 1ð Þ; y 2ð ÞÞ ¼ 0; ð3Þ
and a first-order ordinary differential equation, viz.
Eðx; y; y 1ð ÞÞ ¼ 0; ð4Þ
provided that
J ¼ @½E; F
@½y 1ð Þ; y 2ð Þ – 0: ð5Þ
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y 2ð Þ ¼ Dðx; y; y 1ð ÞÞ; ð6Þ
and
y 1ð Þ ¼ Wðx; yÞ; ð7Þ
where D and W are smooth and continuously differentiable func-
tions of x; y and their derivatives. Now Eq. (6) depends on y 1ð Þ and
y 2ð Þ which are obtained by differentiating Eq. (7). This gives
y 2ð Þ ¼ Wx þWWy: ð8Þ
By equating the right hand side of Eq. (6) with Eq. (8), we obtain
D½x; y;Wðx; yÞ ¼ Wx þWWy: ð9Þ
The formula (9) gives the general compatibility criterion or
compatibility test for a second-order ordinary differential equation
to be compatible with a first-order ordinary differential equation.
3. Exact solution of reaction–diffusion model
We now apply the compatibility approach to solve the nonlin-
ear reaction–diffusion partial differential Eq. (2).
It can easily be seen that the PDE (2) admits Lie point symmetry
generators @=@t (translation in time) and @=@x (translation in
space), therefore one can deduce the travelling wave solutions of
Eq. (2). We search for the invariant solution under the operator
@
@t  c @@x, c > 0, which represents the travelling wave solution with
constant wave speed c. Solving the corresponding characteristics
system, the invariant solution is written as
uðx; tÞ ¼ FðnÞ; with n ¼ xþ ct: ð10Þ
Making use of Eq. (10) into PDE (2), we obtain a second-order
nonlinear ODE for FðnÞ, given by
c dF
dn
þ d
2F
dn2
þ k1F dFdn þ k2F  k3F
2 ¼ 0: ð11Þ
We now construct an exact closed-form solution of the reduced
ODE (11) by the use of the compatibility and group approach. We
check the compatibility of the second-order ODE (11) with the first
order ODE
dF
dn
þ kF ¼ 0; where k– 0; ð12Þ
with solution
FðnÞ ¼ A expðknÞ; ð13Þ
where A and k are the parameters to be determined. Using the com-
patibility test (9) (for a second-order ODE to be compatible with the
first-order ODE), we obtain
ckF þ k2F  kk1F2 þ k2F  k3F2 ¼ 0: ð14Þ
Separating equation (14) by powers of F, we find
F2 : ðkk1 þ k3Þ ¼ 0; ð15Þ
F : ðckþ k2 þ k2Þ ¼ 0: ð16Þ
From Eq. (15), we find
k ¼  k3
k1
 
: ð17Þ
Using the value of k into Eq. (16) results in
c k3
k1
 
þ k3
k1
 2
þ k2 ¼ 0; with k1 – 0; ð18Þwhich gives the compatibility condition for a second-order ODE
(11) to be compatible with the first-order ODE (12). Thus, the solu-
tion of Eq. (11), subject to Eq. (12), can be written as
FðnÞ ¼ A exp k3
k1
 
n
 
; with k1 – 0; ð19Þ
provided that the condition (19) holds. The parameter A can be
determined from the boundary conditions of the particular physical
model. Finally, the solution uðx; tÞ of PDE (2) is written as
uðx; tÞ ¼ A exp k3
k1
 
ðxþ ctÞ
 
; with k1 – 0: ð20Þ
We note that the compatibility condition (18) gives the speed of
travelling wave. From Eq. (18), we deduce that
c ¼ k3
k1
þ k1k2
k3
 
> 0; with k1 ¼ k3 – 0: ð21Þ
Using the value of c into Eq. (20), the solution takes the form
uðx; tÞ ¼ A exp k3
k1
 
xþ k
2
3
k21
þ k2
 !
t
" #
; with k1 – 0: ð22Þ
Remark 1. We here remark that the symmetry of the first-order
ODE
dF
dn
 k3
k1
 
F ¼ 0; ð23Þ
is
X ¼ @
@n
þ k3
k1
 
F
@
@F
; ð24Þ
which is also the conditional symmetry of the second-order nonlin-
ear ODE (12) subject to the root Eq. (23). Thus the physical solution
of these compatible equations are related to the generalized group
structure of these equations.4. Concluding remarks and future considerations
We utilized the general compatibility criterion to exactly solve
the nonlinear reaction–diffusion equation arising in mathematical
biology. We have used the compatibility of second-order ordinary
differential equation subject to linear first-order ordinary differen-
tial equation with known exponential type of exact solution and
known symmetry group. We could also consider the compatibility
of higher-ordinary differential equations subject to other differen-
tial equations. Also in comparison to other iterative methods with
our compatibility method, we conclude that the solution process is
accessible to non-mathematicians to solve nonlinear differential
equations. Therefore, there is the potential to apply this technique
to nonlinear problems in other areas such as solid mechanics, wave
mechanics and general relativity.
References
[1] Murray JD. Nonlinear differential equation models in biology. Oxford:
Clarendon Press; 1977.
[2] Murray JD. Mathematical biology. Berlin: Springer; 1989.
[3] Aziz T, Mahomed FM, Mason DP. Int J Nonlinear Mech 2016;78:142–55.
[4] Yildirim A, Pinar Z. Comput Math Appl 2010;60:1873–80.
[5] Cherniha RM. Symmetry Nonlinear Math Phys 1997;1:138–46.
